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Abstract
A well-known cancellation problem of Zariski asks whether for two given domains (fields) K1
and K2, an isomorphism of K1[t] (K(t)) and K2[t] (K2(t)) implies an isomorphism of K1 and K2.
In this paper, we address a related problem: whether the ring (field) embedding of K1[t] (K1(t)) into
K2[t] (K2(t)) implies the ring (field) embedding of K1 into K2? Our main result is affirmative: if
K1 and K2 are arbitrary domains (fields) of the finite transcendence degree and K1[t] (K1(t)) can
be embedded into K2[t] (K2(t)) then K1 can be embedded into K2. As a consequence, we answer a
question of Abhyankar, Eakin and Heinzer [J. Algebra 23 (1972) 310–342].
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There is a very well-known long-standing
Cancellation Conjecture of Zariski [10]. Let D be an algebra over a field k. If D[t] is
k-isomorphic to k[x1, . . . , xn][t] then D is k-isomorphic to k[x1, . . . , xn].
The Zariski conjecture is settled for n = 1 by S.S. Abhyankar, P. Eakin, and W.J. Heinzer
in [1] and for n = 2 by T. Fujita, M. Miyanishi, and T. Sugie (see [6,11]) for the character-
istic zero case and for an arbitrary field by P. Russell (see [13]). For n 3, the Conjecture
remains open to the best of our knowledge. See [3,4,9,11,16] for the Zariski conjecture and
related problems.
It is natural to generalize the above conjecture and ask the following
Question 1 (Zariski cancellation problem for domains, see [10]). Let K1 and K2 be do-
mains and let K1[t]  K2[t]. Is it true that K1  K2?
Though for “typical” domains the answer is yes (see [8]), the answer to this question is
no even if k = C. The first counterexample was given by Hochster over the real numbers
(see [7]). Here is an example over C (due to Danielewski [4, unpublished], see also [3,5],
and [16]) in which K1 is not isomorphic to K2, while K1[t] is isomorphic to K2[t]. (K1 =
C[x, y, z]/(xy − z2 + 1), K2 =C[x, y, z]/(x2y − z2 + 1).)
Note that in the above example the fields of fractions of K1 and K2 are isomorphic: they
are both isomorphic to C(x, z).
So it is natural to ask a weaker
Question 2. Let K1 and K2 be fields and let K1(t)  K2(t). Is it true that K1  K2? In
particular, if K(t) is a field of rational functions, is it true that K is also a field of rational
functions?
In fact historically Question 2 is the original Cancellation problem raised by Zariski
in 1949 at the Paris Colloquium on Algebra and Number Theory (see [15] and [12]).
The Zariski cancellation problem for fields was solved negatively in general by Beauville,
Colliot-Thelene, Sansuc and Swinnerton in their fundamental paper [2]. They showed that
even an isomorphism of K(t) to k(x1, . . . , xn)(t) does not imply that K is isomorphic to
k(x1, . . . , xn).
In view of the above two questions, it is natural to ask a related
Question 3. Let K1 and K2 be domains (fields respectively) for which there exists an
embedding from K1[t] (K1(t)) into K2[t] (K2(t)). Is it true that there exists an embedding
from K1 into K2?
Question 3 can be viewed as a generalized cancellation problem.
In this paper we solve Question 3 affirmatively for affine domains and fields.
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over the ring k; and an affine k-field is a commutative field of finite transcendence degree
over the field k.
Our main result is the following
Theorem 1. Let K1 and K2 be affine domains (fields) over a ring (field) k. If K1[t] (K1(t))
can be embedded into K2[t] (K2(t)) then K1 can be embedded into K2.
Theorem 1 has the following application.
Corollary. If K1 and K2 are affine domains (fields) over a ring (field) k and K1[x1, . . . , xn]
(K1(x1, . . . , xn)) can be embedded into K2[x1, . . . , xn] (K2(x1, . . . , xn)) then K1 can be
embedded into K2.
Proof. By Theorem 1 and induction. 
The above corollary answers the following question of Abhyankar, Eakin and Heinzer
for the affine domains: If A[x1, . . . , xn] = B[y1, . . . , yn], do there exist an isomorphism of
A into B and B into A? In particular, does there exist an isomorphism φ :A → B such
that B is a finitely generated ring extension of φ(A)? (See Question 7.3 in [1]; the answer
to the second half of this question does not follow from the corollary, but can be easily
deduced from our proof and will be addressed in the second section.)
Let us go back to the Question 1. The counterexample which was pointed out shows
that if we have two subrings K1 and K2 of a ring K such that K = K1[t1] = K2[t2] where
ti is transcendental over Ki then the rings K1 and K2 can be non-isomorphic. One may
ask what can be said if t1 = t2, i.e., if K = K1[t] = K2[t]. It turns out that then K1 and
K2 are isomorphic (see Proposition 2). Samuel considered a similar question for the field
extensions (see [14]): can the fields K1 and K2 be non-isomorphic if K = K1(t) = K2(t)?
He showed that this is impossible if K1 ∩ K2 is an infinite field.
In the sequel all domains (fields) are affine domains (fields) over a ring (field) k, all
ring (field) embeddings (isomorphisms) are k-embeddings (k-isomorphisms). Algebraic
independency (dependency) means k-algebraic independency (dependency).
2. Proof of the main result
Let us denote by trdegA the transcendence degree of A over k. Theorem 1 is an imme-
diate corollary of the following propositions:
Proposition 1. Let K be an arbitrary field over a field k and let K1 be a subring of K(t)
such that trdegK1  trdegK . Then K1 can be embedded into K .
Proposition 1′. Let K be an arbitrary domain over a ring k and let K1 be a subring of
K[t] such that trdegK1  trdegK . Then K1 can be embedded into K .
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proof of Proposition 1 (and is somewhat easier).
In order to prove it we will find an element f ∈ K such that the substitution of f in place
of t in elements of K1 produces the embedding we are looking for. Here we have two
unpleasant possibilities to avoid. Some element of K1 under a substitution may become
undefined, i.e., the corresponding denominator is mapped onto zero. Also some non-zero
element of K1 may be mapped onto zero (that is the only pitfall to avoid in the proof of
Proposition 1′).
The proof of Proposition 1 is divided into the following four steps.
Step 1. If trdegK1 = 0 then K1 ⊂ K since any element in K(t) \ K is transcendental
over k. Hence we may assume that trdegK1 > 0 and both K1 and K are infinite.
Step 2. Let trdegK = n, trdegK1 = m > 0 and let {a1, a2, . . . , an} and {b1(t), b2(t), . . . ,
bm(t)} be transcendence bases of K and K1 correspondingly ( bi(t) ∈ K(t)). We may
assume that t is transcendental over K1. Indeed, if it is algebraic, then we can replace t by
any of the elements t − ai . If they all are algebraic over K1 then all ai are also algebraic
over K1 (a polynomial function of algebraic elements gives an algebraic element) which is
impossible since it makes the transcendence degree of K1 more than n.
Step 3. Let us extend b1(t), b2(t), . . . , bm(t) by some elements bm+1(t), . . . , bn(t) and t to
a basis of K(t) (of course it is possible to chose bm+1(t), . . . , bn(t) among a1, a2, . . . , an
but it is really not important). Our goal now is to chose a value a ∈ K such that
b1(a), b2(a), . . . , bn(a) are algebraically independent over k and therefore form a basis
of K .
For each ai there is a non-zero polynomial Pi over k in n + 2 variables for which
Pi(b1(t), . . . , bn(t), t, ai) = 0. Since b1(t), . . . , bn(t), t are algebraically independent this
polynomial depends on ai . If we replace t by a ∈ K then Pi may become a polynomial
which does not make sense or does not depend on ai (e.g., contains division by zero or is
identically zero) but it may happen only for a finite number of values of a. Indeed we can
write
Pi
(
b1(t), . . . , bn(t), t, ai
)=
∑
pi,j,q
(
b1(t), . . . , bn(t)
)
tj a
q
i .
Each pi,j, q (b1(t), . . . , bn(t)) can be written as a ratio of two polynomials from K[t].
pi,j,q
(
b1(t), . . . , bn(t)
)= ri,j,q (t)
si,j,q (t)
,
where ri,j,q (t), si,j,q (t) ∈ K[t].
Let us call an element a ∈ K exceptional if it is a root of any ri,j,q (t) or si,j,q (t) and
let us call it regular otherwise. Since a polynomial has a finite number of roots we see that
there is just a finite number of exceptional elements and there are infinitely many regular
elements. (Recall that K is infinite since trdegK > 0.)
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scendence of K since each ai is algebraic over the span of b1(a), b2(a), . . . , bn(a), a.
However it is still possible that b1(a), b2(a), . . . , bn(a) are algebraically dependent since
{b1(a), b2(a), . . . , bn(a), a} contains n + 1 elements instead of n. On the other hand if a
regular a is algebraic over span(b1(a), b2(a), . . . , bn(a)), then the set
{
b1(a), b2(a), . . . , bn(a)
}
is a transcendence basis of K . Let us show, e.g., that for some µ the element aµ1 has
these two properties. First of all since a1 is transcendental over k, the elements ai1 are
all different and therefore ai1 is a regular element in K if i is sufficiently large. Now,
P1(b1(t), . . . , bn(t), t, a1) = 0. Let µ > dega(P1(b1(t), . . . , bn(t), t, a)) and large enough
to make aµ1 regular and let P(x) = P1(b1(xµ), . . . , bn(xµ), xµ, x) where x is a vari-
able. Then P(x) =∑p1,j,q(b1(xµ), . . . , bn(xµ))xµj+q =∑pi(b1(xµ), . . . , bn(xµ))xi is
a polynomial in which pi = p1,j,q if i = µj + q . Now, all pi(b1(aµ1 ), . . . , bn(aµ1 )) do
not contain division by zero since aµ1 is regular and therefore are well defined and some
of pi(b1(aµ1 ), . . . , bn(a
µ
1 )) = 0. Since P(a1) = 0 this implies that a1 is algebraic over
span(b1(aµ1 ), b2(a
µ
1 ), . . . , bn(a
µ
1 )).
Step 4. Let us check now that the substitution of aµ1 for t in the elements of K1 produces
an embedding of K1 into K . We have to check that this substitution does not give divi-
sion by zero in any element of K1. Let us replace t by s = t − aµ1 and rewrite everything
in terms of s. Then the substitution we are considering is s = 0. Choose any problem-
atic b = c(s)/d(s) ∈ K1 where c(s), d(s) ∈ K[s] and c(0) = 0, d(0) = 0. Then b and
b1 = b1(s + aµ1 ), b2 = b2(s + aµ1 ), . . . , bn = bn(s + aµ1 ) are algebraically independent.
Indeed, let d(s) = d1(s)si where i > 0 and d1(0) = 0 and let e = c(0)/d1(0). Clearly,
if b1, b2, . . . , bn, b are algebraically dependent then b1(aµ1 ), b2(a
µ
1 ), . . . , bn(a
µ
1 ) and es−i
are also algebraically dependent. But this is impossible since we proved in Step 3 that
b1(a
µ
1 ), b2(a
µ
1 ), . . . , bn(a
µ
1 ) ∈ K are algebraically independent and es−i is transcendental
over K . So the substitution s = 0 defines a homomorphism of K1 into K . It is an em-
bedding because the image of K1 under this homomorphism has the same transcendence
degree as K1.
This finishes the proof of Proposition 1 and of Theorem 1.
As we have seen in the introduction, this answers positively the first half of the ques-
tion of Abhyankar, Eakin and Heinzer: if A[x1, . . . , xn] = B[y1, . . . , yn], do there exist an
isomorphism of A into B and B into A? To answer the second half: in particular, does
there exist an isomorphism φ :A → B such that B is a finitely generated ring extension
of φ(A)?, we may observe that an iteration of our proof of Proposition 1 shows that we
can find elements c1, . . . , cn ∈ A so that the simultaneous substitutions xi = ci produce an
imbedding π of B into A. Since all yj are polynomials in xi we can extend π to yj . It is
obvious that A = π(B)[π(y1), . . . , π(yn)].
Proposition 2. Let K1 and K2 be subrings of a ring K and let K = K1[t] = K2[t] where
t is transcendental over K1 and K2. Then K1 and K2 are isomorphic.
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ering the elements of K1 as polynomials in K2[t] and evaluating them at t = 0. To show
that this is an embedding, note that K1 is factorially closed in K (i.e., if f1, f2 ∈ K and
f1f2 ∈ K1 \ 0 then f1 ∈ K1 and f2 ∈ K1). Indeed, K = K1[t] and therefore any element
of K can be considered as a polynomial in t with coefficients in K1. So the claim is just
that the product of two (non-zero) polynomials has degree zero only if both factors have
degrees zero. Assume now that π1(f ) = 0 for some f ∈ K1. Then f ∈ K is divisible by
t ∈ K , so t ∈ K1 contrary to our assumption that t is transcendental over K1. We also have
a similar evaluation embedding π2 of K2 into K1. It remains to check that π2π1 is the
identity on K1. Let f ∈ K1 and f =∑mi=0 giti where gi ∈ K2. Now, gi =
∑n
j=0 hi,j tj
where hi,j ∈ K1. Then f =∑i,j hi,j t i+j and so f = h0,0. But h0,0 = π2π1(f ) so π1 is an
isomorphism between K1 and K2. 
Of course, the number of variables is not important in the proof above.
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